Abstract. Let p be a prime number and let K be a finite extension of the field Qp of p-adic numbers. Let N be a fully ramified, elementary abelian extension of K. Under a mild hypothesis on the extension N/K, we show that every element of N with valuation congruent mod [N : K] to the largest lower ramification number of N/K generates a normal basis for N over K.
Introduction
The Normal Basis Theorem states that in a finite Galois extension N/K there are elements α ∈ N whose conjugates {σα : σ ∈ Gal(N/K)} provide a vector space basis for N over K. If K is a finite extension of the field Q p of p-adic numbers, the valuation v N (α) of an element α of N is an important property. We therefore ask whether anything can be said about the valuation of normal basis generators in this case. We will prove This result arose out of work on the Galois module structure of ideals in extensions of p-adic fields. For such extensions, it has been found that the usual ramification invariants are, in general, insufficient to determine Galois module structure, and thus that there is a need for a refined ramification filtration [BE02, BE05, BE] . This refined filtration is defined for elementary abelian p-extensions and requires elements that generate normal field bases. Such elements are provided by Theorem 1. Recent work [Eld] suggests that what is known for p-adic fields should also hold in the analogous situation in characteristic p, where K is a finite extension of F p (X). Here F p denotes the finite field with p elements, and X is an indeterminate. We therefore make the Conjecture. Theorem 1 holds when K is a finite extension of F p (X) as well.
Preliminary Results
Let K be a finite extension of the field Q p of p-adic numbers, and let N/K be a fully ramified, elementary abelian p-extension with G = Gal(N/K) ∼ = C n p . Use subscripts to denote field of reference. So π N denotes a prime element in N , v N denotes the valuation normalized so that v N (π N ) = 1, and e K denotes the absolute ramification index. Let Tr N/K denote the trace from N down to K. For
G b+1 are the lower ramification break (or jump) numbers. The collection of such numbers, b 1 < · · · < b m , is the set of lower breaks. They satisfy
. Now by the Normal Basis Theorem, the set
of normal basis generators is nonempty. We desire integers v ∈ Z such that {ρ ∈ N : v N (ρ) = v} ⊂ N B. And so we are concerned by the following Example 1. Suppose K contains a pth root of unity ζ, and let N = K(x) with
Remark. Fortunately, these extensions provide the only obstacle. The restriction in Theorem 1 to elementary abelian extensions with upper ramification numbers relatively prime to p is a restriction to those extensions that do not contain a cyclic subfield such as in Example 1 [Ser79, IV, §3 Prop. 14].
To prove Theorem 1 we need two results.
Lemma 2. Let N/K be as above with b m ≡ 0 mod p, and let
Proof. Use induction. Consider n = 1 when Gal(N/K) = σ is cyclic of degree p. There is only one break b, which satisfies b < pe
Assume now that the result is true for n, and consider N/K to be a fully ramified abelian extension of degree p n+1 . Recall g i = |G i |. Let H be a subgroup of G of index p with G b2 ⊆ H. Let L = N H and note that N/L satisfies our induction hypothesis. Moreover the ramification filtration of H is given by
The converse statement follows similarly, using t H + p
The following generalizes a technical relationship used in the proof of Lemma 2. 
Proof. In the proof of Lemma 2, H ⊇ G b2 so that G b1 H/H G b1+1 H/H following [Ser79, IV, §1, Prop. 3, Cor.], and the break for G/H was b 1 . Here we have no such luxury and we have to involve the upper numbers in our considerations, although the argument is really no different. Note that there is a k such that
Thus u k is the upper ramification number of G/H. Since there is only one break in the filtration of G/H, the lower and upper numbers for G/H are the same, b = u k .
The ramification filtration for H is given by taking intersections:
Following the proof of Lemma 2 and using the Hasse-Arf Theorem,
Main Result
Proof of Theorem 1. There are two statements to prove. We begin with the first: We assume the upper breaks satisfy p ∤ u i , and prove that for
The argument breaks up into two cases: the Kummer case where ζ ∈ K and the non-Kummer case where ζ ∈ K. Here ζ is a nontrivial pth root of unity. We begin with the Kummer case, and start with n = 1. Let σ generate the Galois group, and denote the one ramification number by b. Since in this case b is also the upper number, p ∤ b. Therefore {v N ((σ − 1) i ρ : 0 ≤ i < p} is a complete set of residues modulo p. And since N/K is fully ramified, ρ generates a normal basis. Now let n ≥ 2 and note that N = K(x 1 , x 2 , . . . , x n ) with each x We now turn to the non-Kummer case with ζ ∈ K. Let E = K(ζ), let E/K have ramification index e E/K , and let F = N (ζ). Then F/E is a fully ramified Kummer extension of degree p n . Applying Herbrand's Theorem [Ser79, IV, §3, Lem. 5] to
